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1. Introduction and preliminaries 
 Let  l  be an BK-space. We denote   ls  as the sequence consisting of all those 

sequences   { }( ) : ( )s k kx x y= = ∈l l  ,  where   

      y x x x xk k= + + + +1 2 3 .  .  .   . , for each fixed k = 1 2 3, , ,... . 

 For a sequence ( )yk s∈l  , we can calculate the sequence ( )xk  by  
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 x y1 1= ,  

 x y x y y2 2 1 2 1= − = − . , x y x x y y y y y y3 3 1 2 3 1 2 1 3 2= − − = − − − = −( )  .… 

  1   −−= nnn yyx  .     

For any  sx ∈ l  , we define 

         { }  ... . . . . . . 1  21211 ∞<+++++++++= +kks
xxxxxxxx  . 

For a given a sequence { }x xk= , we define the  n th  section as the sequence 

                  ( ) { }x x x xn
n= 1 2, , ,.  .  .  ,  0,0,.  .  .  . 

Let  

                   ( ) ( ),   . . ,.1,-1,0,0,0 , . . .,0,0  =nδ   

where 1 is in the n th  place and -1  in the ( )thn 1+  place . 

An FK-space X  is said to have AK-property if ( ){ }δ n is a Schauder basis for  

X .The space X is said to have AD if Φ  is dense in X . We note that  AK⇒AD by [ 

1 ] .  

For the  sequence space  X , we define 

                 { }
⎭
⎬
⎫

⎩
⎨
⎧

∈== ∑
∞

=1

Xeach for  ,convergent is :
k

kkk xxaaaX β  

We called X α β, , X X γ  as    the α -dual of X , β -dual of X , γ -dual of X, 

respectively. Note that X X Xα β γ⊂ ⊂ .  If YX ⊂  then ,  μμ XY ⊂  

γβαμ   , for  and= .  

 We have the following known results. 

Lemma 1: (See Theorem 7.2.7.in [3]  

Let  X  be an  FK-space  Φ⊃ . Then  

(i) X fXγ ⊂  

(ii) If X has AK, fX Xβ =  

(iii) If  has AD, X X Xβ γ=  

Lemma 2 ( Page 69, 2.3.1 in [2] ): 
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 If a Normed space X  has a Schauder basis, then X  is separable. 

 

2.  Main Results: 
 

 In this section we study some of the property of  sl . 

Proposition-1: Sl  has Schauder basis namely ( )   . . .,. . .,,, 321 keeee , where 

{ } . . .,1,-1,0,0, . . .,0,0,0=ke , 1 is in the thk  place and -1 is at the ( )thk 1+ for k=1,2,….  

Proof.  We know that { } . . .,, (2) )1( δδ  is a Schauder basis for l  transformations given 

in the introduction. It follows that  ( )keeee ,...,,, 321  is a Schauder basis for Sl .                                            

Theorem- 1 ;  Sl  has AK-property. 

Proof. Let . )( skxx l∈=  Then .  . . . with )( T 21 kkk xxxyy +++=∈ l          

(  )
1 2 3Put  ( , , ,. . . ,  ,0,0,. . . ) .n

nx x x x x=  Then 

                        . . .,,, . . .,0,0,0 2  1  
)  (

++=− nn
n xxxx = + + ++ + +x x xn n n      .  .  .  1 1 2 . 

                                    = − + − + − ++ + +y y y y y yn n n n n n       .  .  .  1 2 3 . 

                                    . as , 0 
1    

∞→→−= ∑
∞

+=

nyy nk
nk

 

                                    ∑
∞

+=

∈∞→→=
1    

.)( becuase , as , 0    
nk

kk yny l  

Thus we have     ( ) 00 ≤−≤ nxx  ,  for sufficiently large n.. Hence 

, as  , 0 )( ∞→→− nxx n . Therefore the space Sl  has AK. This completes the 

proof. 

Corollary -1: The set ( ) ( ){ }...,, 21 δδ   is a Schauder basis for Sl .  

Proof:. By p.59,4.2.13 in [3]. 

Proposition- 2:    ll ⊂s  and the inclusion is strict. 
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Proof. Let  .xk s∈l Then .  l∈ky  Hence   ∑
∞

=

∞<
1  

. 
k

ky But as 1    −−= kkk yyx . We 

have 

                  x y yk k k= − −  1  1  −+≤ kk yy   

Then          

                  ∑ ∑ ∑
∞

=

∞

=

∞

=
−+≤

1  1  1  
1  

k k k
kkk yyx   

Hence   kx ∈ l . Consequently      ll ⊂s . 

           Next we show that he above  inclusion is strict. For this take the sequence 
( ) ( ) . . .,0,0,1 1 =δ .Then ( )    1 l∈δ and thus we have 

     101,1 21 =+== yy , y3 1 0 0 1= + + = ,…., yk = + + + =1 0 0 1. .  .  .      Now, 

y kk = 1 for all . Hence ( )ky  does not tend to zero as   ∞→k . Hence ( )
sl∉1 δ . 

Thus the inclusion  ll ⊂s . This completes the proof. 

heorem-2 : The dual of space   is ∞ll s . 

Proof:  A Schauder basis for ( )ks e is  l  where  )(   k
k se =  has   l in the   thk  place 

and  -1 in the  )1( th+k  place and zero’s elsewhere. Let  ssx ∈ l . Then there exist 

scalars  ,....., 21 αα   such that ∑
∞

=

=
1  

   
k

kk ex α is unique. Now for any bounded linear 

operator  f  on  sl we have 

          ∑
∞

=

=
1  

 )  ()(  
k

kk efxf α ∑
∞

=

=
1  

 )(   
k

kk efα  ∑
∞

=

=
1  

  
k

kk γα  , 

where the numbers  )(  kk ef=γ  are uniquely determined by f. Also 

)(  kk ef=γ , . )( kk ef=γ  Since f is linear and bounded                   

( )kk ef=γ .  
sks

ef≤ But 

   )(

s

k
sk se = ( )    . . .,0,0,1,1, . . .,0,0 −= = + + + + + + − +0 0 0 0 1 1 1. .  .  .  .  .  . 

(sum of the first k terms)  and   s ek
s k s

( )  .= = =1 1 Thus 
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sksk ef≤γ 1 . 

s
f≤  

   ⇒      
sk f≤γ    ⇒   .   sup

)(
Mf

sk
k

=≤γ   

 Hence ( ) .   ∞∈ lkγ   Therefore 

(2.1)                 .'
∞⊂ ll s       

But by Proposition-  .    2, ll ⊂s  Hence .  ''
sll ⊂  As '

∞=l l , 

(2.2)                        ' sll ⊂∞   

Hence from  (2.1)  and  (2.2)  ∞= ll
' s .This completes the proof. 

Theorem-3 : The β -dual of    is ∞ll s . 

Proof:  By Proposition-2 we get ll ⊂s . Hence ( )ββ
sll ⊂  . But ∞= llβ . Hence 

(2.3)                              ( )βsll ⊂∞ . 

Next, let ( )βsy l∈  and  ( ) ∑
∞

=

=
1  

 
k

kk yxxf with sx l∈ . Take ( )
s

ksx l∈= ,  where 

( ) ( ) . . .,0,1,1, . . .,0,0 −=ks , { } { } . . ,1,0,. . . .,0,0,0=nx . As this converges to zero,    

( ) .  s
ks l∈   Hence  

    ( )

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+−+++++++

+++++++
=

 . . .11. . .001 . . .00

 . . .000000
 ks    

  ⇒                 ( ) 1=ks   . 

But 

(2.4)           ( )( )k
n sfy =  ( )ksf  ≤    1 . f≤  =   f   . 

Thus  { }ny  is a bounded sequence. Further,as  y  is arbitrary in ( )βsl .  

(2.5)                      ( ) ∞⊂ ll
β

s .  

From  (2.3) and  (4.3)  we get  ( ) . ∞= ll
β

s  This completes the proof. 

 

Proposition-3:   lS  is solid   .  
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Proof:  Let kk yx ≤   with ( ) skyy l∈= . So   kk ηξ ≤  with  ( ) l∈= ky η . But 

l  is solid. Hence ( )  l∈= kξξ .Therefore ( ) l∈= kxx .Hence  sl is solid. This 

completes the proof. 

Corollary-2: In  sl , weak convergence does not imply strong convergence. 

Proof:  Assume that weak convergence implies strong convergence in  sl . Then we 

would have ( ) [ ]see(1)    
ss ll =ββ . But ( ) ( )l l ls

β β β = =∞ . By Proposition 2.  sl  is a 

proper subspace of l . Thus ( ) ss ll ≠ββ   . Hence weak convergence does not imply 

strong convergence in   sl .  

 This completes the proof. 

Corollary-3:  ( )   ∞= ll
μ

S  where f,  ,  ,   γβαμ = . 

Proof:  sl  has AK property, by theorem- 1. Hence by Theorem- 7.3.9 in [3] we get 

( ) ( ) f
ss ll =β . But ( ) ∞= ll

β
s .Hence 

 (2.6)                              ( ) ∞= ll
f

s  . 

   Since    ,ADAK ⇒ from  [3] we get   ( ) ( )γβ
ss ll = . Therefore  

(2.7)                               ( ) . ∞= ll
γ

s  

By proposition-3,  we have sl  is solid. Hence by Theorem 7.3.9 in [3], We get 

(2.8)                             ( ) ( ) ∞== lll
γα

ss . 

From (2.6), (2.7)  and (2.8) ,we have  ( ) ( ) ( ) ( )l l l l ls s s s
fα β γ= = = = ∞  .                  

 This completes the proof. 

Theorem -4:  Let  Y be any FK-space Φ⊃  . Then sY ⊃ l  if and only if ( ){ }   kδ  is 

weakly bounded. 

Proof: In order to establish the result it is enough to establish the following result: 

  ( )Y Ys
f

s
f⊃ ⇔ ⊂l l . 

Since sl  has AD and  ( ) f
s ∞=l l , by using Theorem 8.6.1 in [3] we have 

 .     ∞⊂ lfY       
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( )( ) ∞∈⇔∈⇔ l    of dual al topologic the,each for     ' kfYYf δ             

( )( ) bounded is      kf δ⇔ ( ){ } boundedweaklyiseThesequenc kδ⇔ .                     

 This completes the proof. 

Theorem-5: In sl ,weakly convergent sequences are norm convergent. 

Proof:  Let { },...,, 321211 aaaaaaa +++=  be weakly convergent and let ( )nkaA =  be 

an infinite matrix.  Let us assume that A is coercive. Since ( )   '
∞= ll s ,        it is a 

conservative matrix.So the column exists by, Theorem 1.3.6 in [3]. By using 

Theorem 1.3.7 in [3] 

               a a a a a a
a a a

a a an

n n n

n n n
1 1 2 1 2 3

1 1 2

1 2 3

, , , lim+ + + =
+ + +

+ + +

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪→∞
 .  .  .  

.  .  .    
  

                                                      ≤ A . 

Since bounded monotonic sequence converges,  sa∈l .  

                    This completes the proof. 

Proposition-4:  sl  is not perfect. 

Proof: We know that ( ) . = '
∞ll s Hence ( ) ( ) ( ) , asBut  . ''' '

llll == ∞∞s               

( ) . =  ' '
ll s   Hence  sl  is not perfect.  This completes the proof. 

Proposition-5:  The space sl  is separable. 

Proof: By Proposition 1,we have sl  has Schauder basis { },...,...,, 21 neee .. Also sl  is 

a Banach space. Hence, by the Lemma- 2 , it follows that sl  is separable . This 

completes the proof.   

Proposition-6: The space ∞l  is not separable. 

Proof:  By Theorem 1.3.9 in [2].    

Proposition-7: The space sl   is not reflexive. 

Proof. By Proposition-5, we have sl is separable. But, by Proposition 2 ( ) ∞= ll
'

s . 

Since ∞l  is not separable by Proposition-6, sl  is not reflexive.This completes the 

proof. 
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Theorem-6: The space Sl  is an inner product space but not a Hilbert space. 

 

Proof. The proof will be established by showing that the norm satisfies the law of 

parallelogram . Let us take   

    { } { } ss yx ll ∈−=∈−=  . . .,0,1,1 and  . . .,0,1,1 .                             

Then      

        { }x x x x x x xs = + + + + + +1 1 2 1 2 3 .  .  .    

              { }1 1 1 1 1 0 . . . = + − + − + + = { }1 0 0 . . . + + + = 1 

Similarly, 

{ }y s = + − + − + +1 1 1 1 1 0 .  .  .  = { }1 0 0 . . . + + + = 1 

Consider, 

{ }x y x y x y x ys+ = + + + + + +1 1 1 1 2 2( ) ( ) .  .  .  = 2 

Similarly, 

{ } . . .)()()()()( 332211221111 +−+−+−+−+−+−=− yxyxyxyxyxyxyx
s

                          = 0.   

Now                                                                                                             

⇒ { }222 11202 +=+    ⇒ 44 =    . 

 

Thus parallelogram law  is satisfied. Therefore sl   is an inner product space. 

For the proof of the second part let us suppose that sl   is a Hilbert space. 

Then by [2] (Theorem 4.6.6) sl   would satisfy reflexivity condition . This 

contradicts Proposition-7. Hence sl   is not a Hilbert space. This completes the proof. 
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